1. Introduction 1.1. De nitions. We begin by recalling some de nitions from Ga] , GO] and GL] and establishing some notation that will be followed in the present paper.
All 3-manifolds considered are oriented integral homology spheres. A link L in a integral homology sphere is called algebraically split (denoted AS) if the linking numbers between its components vanish. A link L is called boundary if each component bounds a Seifert surface, and the Seifert surfaces are disjoint from each other. A (integral) framing f for a link L in an integral homology sphere M is a sequence of integers indicating the linking numbers of longitudes of L with the corresponding components. This requires a choice of orientation, but if one gives the longitudes the parallel orientation then the framing number is independent of the choice of orientation. A link is called unit-framed if the framing on each component is 1. A framed link (L; f) is called AS-admissible (respectively, B-admissible) if it is AS (resp. boundary) and unit-framed. Let M denote the Q-vector space generated by Theorem 2.
We have the following equality of ltrations:
Assuming that for every n 0 there is a k 0 such that 1.4. Plan of the proof. In section 2 we prove a key Lemma 2.1. In section 3.1 we give a proof of Theorem 1 and corollaries 1.1 and 1.2. In section 3.2 we give a proof of Theorem 2. In section 4 we give a proof of Theorems 3 and 4.
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A key Lemma
This section is devoted to the proof of the following Lemma, which is the key to the proof of Theorems 1 and 3. Note that all links considered in the rest of the paper are unit-framed. Three crossing changes, from Figure 5 , will convert this into L\U. These crossing changes are e ected by surgeries along three circles. In Figure 6 we see L \ U with Proof. of theorem 1] With the above terminology, we have the following step 1:
Step 1 F G n M is generated by all S 3 ; L; f] for all n-boundary pairs (L; L b ). Step 2 Step 3 Proof. This can be achieved by band crossing changes, which are the result of a 1-surgery along a circle enclosing the band crossing. Actually this surgery will introduce some extra twists into the bands, but further suregery along circles enclosing these twists will remove them. See Step 4 We may assume that every band of b penetrates at least one D i .
Proof. Suppose that a band from one of the components of b penetrates no D i . We will show how to replace by a surface of lower genus and then appeal to the secondary inductive hypothesis. This will also involve a number of changes to L, but using the primary inductive hypothesis each of these changes will only be by an element of F O 3n M.
Let C be the circle in which goes once around the band . C bounds an obvious disk in the plane containing . We push this disk slightly o the plane (except on we can perform a surgery on along D to obtain the desired surface of lower genus. Thus we only have to see how to remove these intersections. We claim that we can rst remove the arc intersections and then (by using an innermost circle argument) remove the circle intersections. In fact we only have to remove the arcs since since it is really only necessary that D \ (L ? L b ) = ;. Suppose is an arc and a component of D j \ D. We can perform an isotopy of D j to move adjacent to the boundary C of D. This may require to cross some circle components of D \ S D i which means that D j may cut through some D i during the isotopy. If i = j the result will be that D j is now only immersed, but this will not be important. We have only a regular homotopy of D j but still an isotopy of K j . Now a neighborhood of in D j is a band which is adjacent to the band . If we change this band crossing, the result will be to eliminate . As above this crossing change can be produced by a 1-surgery on a small circle enclosing the two bands and so the change in S 3 ; L; f] is, by primary induction, an element of F O 3n M. Note that we have not changed . See Figure 12 . Step 5 Step 6 We may assume that, if j has genus one and a band of j penetrates only one disk D i , then D i is penetrated by no other bands of b . Proof. Suppose one of the bands of j penetrates D i once. Let L be de ned from L by replacing k i with a small meridian circle about . Then Step 6 will be con rmed by the following: Claim 3.1. We have the following equality:
Proof. of Claim 3.1] This Claim follows from the key Lemma 2.1 as follows. We can draw L \ U, where U is a ball containing j , as in Figure 13 . If we expunge j from the picture we have exactly the situation in Figures 1 and 2 of Lemma 2.1. If we put j back into any of the L( ) of Lemma 2.1, we see that it may intersect the additional components of L( ). However we can add tubes to j to eliminate these intersections and, since none of other i intersect U, we may conclude from the key Lemma 2.1 that: S 3 ; L; f] = S 3 ; L ; f] + a linear combination of S 3 ; L( ); f( )] (10) where each of the pairs (L( ); L b ) are n-boundary with strictly higher goodness than that of (L; L b ). By the primary inductive hypothesis, we conculde the proof of Claim 3.1 and of step 5. We can now complete the proof of Theorem 1. We de ne: r = number of D i penetrated by two bands s = number of D i penetrated by one band l = number of j of genus > 1 m = number of j of genus = 1 p = number of bands of surfaces of genus one penetrating only one disk Obviously k r + s and n = l + m. By Step 4, the total number of band penetrations is 2r + s. From Step 3 we thus conclude 2r + s 4l + 4m ? p and, by
Step 5, we have s p. Adding these two equations together gives us 2r+2s 4l+4m and so: k r + s 2l + 2m = 2n This concludes the proof of Theorem 1. Figure 15 of GL]), or a band sum of two ij . We will refer to l k as simple in the former case and composite in the latter case. We now use Lemma 2.1 to make an important observation.
Claim 4.1. We may assume that if L i is k-special then l k is simple.
Proof. of Claim 4.1] Suppose that l k is composite. Then there is a ball U which intersects L as in Figure 13 . But we can redraw this so that it looks like Figure 1 
